Conditional dynamics driving financial markets 
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We report empirical evidences on the existence of a conditional dynamics driving the evolution 
of financial assets which is found in several markets around the world and for different historical 
periods. In particular, we have analyzed the DJIA database from 1900 to 2002 as well as more than 
50 companies trading in the LIFFE market of futures and 12 of the major European and American 
treasury bonds. In all of the above cases, we find a double dynamics driving the financial evolution 
depending on whether the previous price went up or down. We conjecture that this effect is universal 
and intrinsic to all markets and, thus, it could be included as a new stylized fact of the market. 
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One fundamental assumption lying behind many mod- 
ern theories of mathematical finance is the so called "ef- 
ficient market hypothesis" which basically states that 
the market incorporates instantaneously any information 
concerning future market evolution In consequence, if 
a market is efficient with respect to some information set 
it is impossible to make economic profits by trading on 
the basis of that information set |2|. Observe that this 
in particular indicates that market efficiency necessar- 
ily implies the absence of (auto)correlations in financial 
prices at any time scale, for correlation means some de- 
gree of predictability which in turn would open the door 
to profitable strategies exclusively based on the informa- 
tion contained in the price itself. Note incidentally that 
the lack of correlations implied by the efficient market 
hypothesis means that the price process must be driven 
by white noise. However, this assumption is very restric- 
tive since real markets are not efficient, at least at short 
times, and the existence of correlations seems to be well 
documented HUSH- 

Therefore, the search for correlations in financial time 
series has been the subject of intense research during the 
last years HH&EllHSIil. Partly due to the hope 
that this knowledge would be useful for predicting the 
behavior of the market and, in a more academic sense, 
because such correlations could bring some light to the 
understanding of real markets. 

A good example of such correlations appears when us- 
ing high frequency data, that is, tick-by-tick data corre- 
sponding to the evolution of a given asset. Thus, it has 
been observed that the logarithmic variations of the price 
-the so called returns- are correlated with themselves in 
such a way that highly positive returns are followed by 
also highly positive returns, and vice versa. This means 
that the behavior of the price at some time certainly de- 
pends on the past variations of the signal. However, this 
correlation is found to be of short range, indeed, the in- 
fluence that a given variation of price has on the future 
evolution decays exponentially, with a characteristic time 
of the order of minutes 0, 0] • 



Another paradigmatic example is obtained by using 
daily variations of the price. In this case the magnitude 
of interest is not the return itself but its absolute value 
(or its square), which is a measure of the fluctuations 
of the return or, in economic terminology, the market 
volatility 0j@- ^ n this case, an analysis of the correla- 
tion function shows a clear positive correlation between 
the absolute value of the return today and in the future, 
with a characteristic time of the order of years. This 
persistent correlation is the responsible for long periods 
of extremely volatile markets followed by calm periods, 
that is, for the clusterization of the volatility. 

A third example is provided by the leverage effect 
[HI Ull , which states that a large drop of the price 
is followed by an increase of the volatility. This corre- 
lation is found to be of intermediate range, with a typ- 
ical time scale of 10 ~ 50 days. Summarizing, there 
exist return-return correlations at very short times (min- 
utes), volatility- volatility correlations at very long times 
(years) and return-volatility correlations at an interme- 
diate time scale (days). At the light of these results, one 
may wonder whether it would be possible to find return- 
return correlations at other temporal scales, for instance, 
at daily scales. 

In order to answer this question we will analyze a very 
simple problem. Let us consider the temporal series of 
the sign of the daily price returns that is, +1 if a 
given day had a positive increment of price and —1 other- 
wise. Which are the statistical properties of this signal? 
The simplest hypothesis is to consider that positive and 
negative days are uncorrelated random events -as far as 
the sign is concerned- with a probability p + for positive 
days and 1 — p+ for negative ones. Using this ansatz as 
a test or "null hypothesis", the probability of having a 
sequence of n consecutive positive returns, ip+(n), is 



^+(n)=pr 1 (l-p + ) ) 



(1) 



that is, an exponential law (Poisson law). The average 
number of consecutive positive days is simply given by 
(t + ) = (1 — p+)~ 1 and the same holds for sequences of 
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TABLE I: Summary of the empiric statistics for the DJIA index compared to the predictions of the uncorrelated model and 
the two-state model. The empty values in rows 3 and 4 are taken from the empiric measurements in row 2 as the inputs for 
the theoretical predictions of each model. Numbers within parentheses are affected by statistical errors. 
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days with negative returns replacing p+ by 1 — p+, i. e., 
( T -) = P+ X - 

In order to accept or reject the null hypothesis, we 
use data from the Dow Jones Industrial Average index 
(DJIA), which contains daily records from 1900 to 2002 
(28126 days), thus covering a wide temporal range with 
many different economic and political situations and pro- 
viding a large database. Direct measurements on this 
database yield for the frequency of positive days the value 
p+ = 0.522 ± 0.002 and, according to the model given by 
Eq. l|T)l. the expected number of consecutive positive 
and negative days is (r+) theoretical = 2.09 ± 0.01 and 
(t-) theoretical = 1.91 ±0.01 respectively. Figure [U shows 
the probability distributions of the lengths of sequences 
of positive and negative days, ip+(n) and ip-in) . As it 
is clearly seen, these distributions follow an exponential 
law, in agreement with Eq. Q). However, the empirical 
average lengths of positive and negative days obtained 
from direct measurements are (r + ) em piric — 2.22 ± 0.02 
and (t-) em pi r i C = 2.02 ± 0.02 which are higher than the 
theoretical values predicted above. The disagreement be- 
tween empiric and theoretical results is certainly small 
and might go easily unnoticed, although a careful anal- 
ysis of the statistical errors leads to the rejection of the 
original null hypothesis on the independence of positive 
and negative returns. 

These results seem to point out that the market be- 
haves differently whenever there is a sequence of positive 
or negative returns. On the other hand, the Poisson form 
for the distribution of lengths of those sequences indicates 
that the market is Markovian. Thus, no information can 
be extracted from the elapsed time since the last change 
of sequence and, therefore, the memory of the market 
must be, at most, of one single day. This implies that 
the return of the price during a given day can only be 
correlated with the previous day, in particular with the 
sign of the previous day. 

The simplest model able to reproduce all these em- 



pirical observations is a two-state model, in which the 
probability of having a positive or negative return de- 
pends on the sign of the previous day. More precisely, let 
p++ be the probability of having a positive return given 

that the return of the previous day was positive and p 

the probability of having a negative return given that the 
return of the previous day was negative. Notice that the 
model has only two independent parameters, p++ and 

p , and the rest of probabilities can be obtained from 

them as p |- = 1 — p++ and p^ = 1 — p , measur- 
ing the probability of having a negative (positive) return 
given that the return of the previous day was positive 
(negative). 

Using all these ingredients, the distributions ip + (n) and 
if)- (n) are now given by 

4,+ {n)=p n + - + 1 {l-p ++ ) (2) 

and 

1 p.(n)=p n _-_ 1 (l-p—). (3) 

Again a Poisson distribution with average length given by 

(t + ) = (1— p++)~ 1 and (t_) = (1— p ) _1 respectively. 

Finally, the frequency of positive days, p+, is |l3j | 



and a similar expression for p_ exchanging p ++ by p 

We will now compare the predictions of the two- 
state model with empirical data. Direct measurements 
on the DJIA dataset yield the following values for the 
conditioned probabilities: p++ = 0.547 ± 0.004 and 
p__ = 0.495 ± 0.004. Using these two measures as in- 
puts for the model, the predicted values for p + , (r + ), 
and (r_) are p+ = 0.527 ± 0.004, (r+) = 2.21 ± 0.02 
and (r_) = 1.98 ± 0.02, in perfect agreement with the 
empirical results reported above. 



It might be argued that the discrepancy between the 
empirical measures of (t_) and (r+) and the theoreti- 
cal predictions of the uncorrelated model are marginal 
and, consequently, the two-state model only introduces a 



slight correction to the actual dynamics. However, what 
seems to be significant is that the market apparently re- 
acts differently depending on the sign of the previous day, 
which naturally introduces the idea of a double dynam- 
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FIG. 1: Probability of having a sequence of n consecutive 
positive or negative days. The solid lines are the Poisson 
distributions discussed in the text with average values given 



by (T + ) empir ic = 2.22 and (r_) e 



2.02. 



ics. Having this in mind, we define P(R\R prev > 0)dR 
to be the conditional probability that the daily return 
lies within the interval (R, R + dR) given that the previ- 
ous day had a positive return. Analogously P(R\R pre v < 
0)dR is that conditional probability if the previous day 
had a negative return. Up to this point, we have only 
studied the behavior of the sign of the signal specified 
by the quantities p ++ and which are related to the 
previous functions by 



P++ 



P- 



P(R\Rprev > 0)dR 



P(R\Rprev < 0)dR. 



(5) 



(6) 



However, if the market is really driven by a double dy- 
namics there should be a substantial difference between 
the moments of P(R\R prev > 0) and P(R\R prev < 0). 
Let us denote by and (R-) the first moment of these 
distributions, that is, (R+) [(R-)} is the conditional aver- 
age of the daily return given that yesterday's return was 
positive [negative]. Let us denote by <r + , and er_ their 
standard deviation. For the DJIA index, the empirical 
values of these quantities are: (R+) = (8.6 ±0.8) x 1CT 4 , 
(R-) = (-4.4 ± 1.0) x 10" 4 , o _|_ = (9.9 ± 0.2) x 10~ 3 , 
and <j_ = (11.6 ± 0.3) x 10~ 3 . These values should be 
compared with the unconditional average of the daily 
return, (R) = (2.39 ± 0.6) x 10~ 4 , and volatility a = 
(10.7 ±0.2) x 10~ 3 . Note that (R) and its variance can 
be evaluated through the two-state model by 



and 



(R)=p + (R + )+P-{R-), 



yJ P+ al + P -<r 2 _ + P+ p-({R+) - <i?-)) 2 , 



FIG. 2: Average daily return given that the previous day had 
a return greater than r c (right) and given that the previous 
day had a return smaller than r c (left). 



with the result (R) = (2.49 ± 0.6) x 10~ 4 and a 

\ 0.7 ± 0.2) x 10~ 3 . Both in very good agreement with 
their empirical values. Table [I] summarizes the relevant 
statistics for the DJIA index and the equivalent values 
predicted by the uncorrelated model and the two-state 
model. 

There is something quite remarkable in these results, 
since they show that the average return of the market is 
the result of the composition of two independent signals: 
one of them positive, {R+}, and another one negative, 
(R-)- At the light of these results, and given the mul- 
tiplicative character of the market, it seems not to be 
possible to neglect the effects of this double dynamics, 
at least in the long run. Indeed, the quantitative differ- 
ence between the average daily return of both signals is 
rather significant in the sense that a small change in the 
signal would substantially alter the long term trend of 
the market. 

As we have seen, the daily return of a given day is a 
random quantity correlated with the return of the previ- 
ous day. One question that arises now is: how does this 
correlation depend on the magnitude of the previous re- 
turn. In order to check this point, we have calculated the 
average return given that the previous day had a return 
greater than a certain value r c , (R+(r c )), or smaller than 
r c , (R-(r c )). Notice that r c = correspond to the previ- 
ous analysis. These two functions are plotted in Fig[21 As 
is clearly seen, there is a significant difference whenever 
the previous day had a positive or negative increment in 
price. Thus for r c € [—1.5%, 1.5%] the positive branch 
is positive -and slightly increasing- whereas the nega- 
tive branch remains negative. Beyond this interval, the 
negative branch increases and, eventually, both branches 
become equivalent -given the statistical errors- indicat- 
ing that correlations are lost for this range of returns, 
in other words, there is no net effect if the previous day 
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FIG. 3: Scattered plot of the average daily returns given that 
the previous day had a positive or negative increment for the 
companies trading in the LIFFE market and several European 
and American treasury bonds during the period 1990-2002. 
For the sake of comparison, these average returns are rescaled 
by the volatility of the corresponding company. 



had a return greater than 1.5% or smaller than —1.5%. 
However, these days represent less than 10% of the total 
of trading days and they do not lessen the relevance of 
the correlations present in the remainder 90% of trading 
days. 

Finally, we address the question of universality. The 
preceding analysis has been carried out for one specific 
index, the DJIA, during a period of 100 years, and the 
question is whether this correlation is also present for in- 
dividual stocks and any other class of financial assets. In 
order to shed some light on this question, we have ana- 
lyzed the performance of more than 50 companies trading 
in the LIFFE market [3 during the period 1990-2002. 
For each company, we have measured (R+) and (R-). 
The results are shown in Fig. as a scattered plot, 
with each axis representing each of the conditioned aver- 
age daily returns rescaled by the unconditional volatility 
of the corresponding company. If no correlation were 
present between the return and the sign of the previous 
day then (R+) and (R-) would take the same value (ex- 
cept for statistical fluctuations) and, therefore, all com- 
panies would be scattered around the main diagonal, in 
the first quadrant. In contrast we see if Fig. [31 that there 
is a clear tendency to stay in the second quadrant, with 
(R+) being a positive quantity and (R-) being a negative 
one (or close to zero). This means that, on average, the 
returns after a positive day outperform those after a neg- 
ative one in agreement with the model presented. The 
same effect is found in other classes of financial assets, 
such as treasury bonds (blue symbols in Fig. |2J) or com- 
modities (not reported here). All these results suggest, 
indeed, the universality of this double dynamics driving 
the evolution of financial markets. 



In summary, we have reported empirical evidences of 
the existence of a conditional dynamics driving the be- 
havior of financial markets which manifests itself in the 
fact that daily prices tend to go up or down depending 
on whether yesterday's price went up or down. Moreover 
this dynamics seems to be ubiquitous to a wide sample of 
different markets which may indicate the universal char- 
acter of this effect. We finally stress the fact that finan- 
cial time series are often non-stationary, at least at long 
times, and, consequently, it is possible to find short pe- 
riods in which the double dynamics is not clearly visible. 
Therefore, the empirical findings reported here must be 
considered from an overall point of view at the same level 
as the observation that the market is historically growing 
despite the existence of many bear periods. This point 
will be addressed in future communications. 
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